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Abstract

We study the diagonalization problem of certain Hofstadter-type models
through the algebraic Bethe ansatz equation by the algebraic geometry method.
When the spectral variables lie on a rational curve, we obtain the complete
and explicit solutions for models with a rational magnetic flux, and discuss
the Bethe equation of their thermodynamic flux limit. The algebraic geometry
properties of the Bethe equation on high genus algebraic curves are investigated
in accordance with physical considerations of the Hofstadter model.

PACS numbers: 02.10.Rn, 03.65.Fd, 5.30, 75.10.Jm

1. Introduction

The Hofstadter Hamiltonian is defined by
Hyot = (U +a”'UY +v(BV + 7'V (1)

where U, V are unitary operators satisfying the Weyl commutation relation for an absolute
value 1 complex number w, UV = wV U, and «, B, i, v are parameters with |«| = |B| =
1, u, v € R. For a primitive Nth root of unity o (= ez”‘/’_lq’), i.e. the phase factor ® = P/N
with P relatively prime to N, one may assume the Nth power identity of U, V: UY = V¥ = 1.
There are several physical interpretations for the Hofstadter model, especially in solid state
physics. A prominent one is to consider it as a tight-binding approximation for electrons
bound to atomic sites in a two-dimensional crystal and in a strong external magnetic field.
The history of the Hofstadter model can be traced back to the work of Peierls [20] on Bloch
electrons in metals in the presence of a constant external magnetic field. By the pioneering
works in the 1950s and 1960s [1, 10, 14, 19, 25], the role of magnetic translations was found

3 Supported in part by the NSC grant of Taiwan.
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for the Hamiltonian (1), where the Weyl pair of operators, U and BV, is a discrete version
of magnetic translations in the x, y directions, with the phase ® of their commutation factor
w representing the magnetic flux (per plaquette), and w, v are the hopping amplitudes of
the system. Subsequently, a systematic study of this 2D lattice model had begun. With the
discovery of quantum Hall effects, a large number of interesting and important theoretical
papers on Hamiltonians of the Hofstadter type appeared in the 1980s for the quantum
mechanical interpretation of the Hall conductivity plateaus (see, e.g., [13] and references
therein). In 1976, Hofstadter [16] found the butterfly figure of the spectral band versus the
magnetic flux, in which a beautiful fractal picture is exhibited. A detailed study of the model
and other Hofstadter-type models began thereafter on the explanation of the fractal structure
through various mathematical approaches, such as the semiclassical approximation, WKB-
analysis on the difference equation, non-commutative geometry and others [2, 7, 8, 11, 15, 24].
A pedagogical account of this important aspect can be found in a vast literature (e.g. [6, 21]
and references therein).

On the other hand, motivated by the work of Wiegmann and Zabrodin [23] on the
appearance of quantum U, (sl;) symmetry in problems of magnetic translation, Faddeev and
Kashaev [12] pursued the diagonalization problem on the following type of Hamiltonian by
the quantum transfer matrix method developed by the Leningrad school in the early 1980s
(see, for instance, [22]):

Hix = wa@U +a ' U™ +vBV+B7 'V H+ pyw+ytw™h

where U, V, W are unitary operators with the Weyl commutation relations and the Nth power
identity property, UV = oVU, VW = oWV, WU = oUW; UY = V¥ = WY = 1. With
o = 0 in Hpk, one has the Hofstadter Hamiltonian (1) with a rational flux. Though the
physical content of the extended Hamiltonian Hrg with one more added operator W has not
yet been clarified, this general formulation will provide a nice setting for the study of this
kind of Hofstadter-type Hamiltonian by the quantum inverse scattering method. With the
solution of the Bethe ansatz equation under a certain postulated degree condition (see (5.26)
of [12]), the energy expression of (1) obtained in [23] was reproduced in the p = 0 limit
computation. Furthermore, a general framework for calculating spectra of the Hamiltonian
through the six-vertex model by the algebraic Bethe ansatz method was presented in [12].
In this approach, the Bethe ansatz equation is formulated through the Baxter vector* [3, 5],
visualized on a ‘spectral’ curve associated with the corresponding Hofstadter-type model.
In general, the spectral curve is a Riemann surface with a very high genus. Thus here the
Bethe equation can be viewed as a version of Baxter’s T-Q relation [3] on a high genus
spectral curve. The method relies on a special local monodromy solution of the Yang—Baxter
equation for the six-vertex R-matrix. This solution also appeared in the study of chiral Potts
model [4]. For a finite size L, the trace of the L-monodromy matrix gives rise to the transfer

matrix acting on the quantum space é) CV, where N is the order of the rational flux. The
transfer matrix is composed of a set of commuting operators, one of which is a Hofstadter-
like Hamiltonian. For the physical consideration, the size L is kept to be a fixed number.
While motivated by the Hofstadter butterfly spectral figure, the ‘thermodynamic’ limit will
be treated in the manner of the rational flux’s order N tending to infinity. This process is a
different kind of limiting procedure from many in quantum integrable systems, such as the
XYZ-spin chain or its degenerated forms. For the study of models in this paper, we are mainly
concerned with the problem of diagonalizing the transfer matrix of size L = 3 (see [12], or
sections 6 and 7 of the paper). The Bethe ansatz equations of the Hofstadter-like Hamiltonians

4 Ttis also called ‘Baxter vacuum state’ in other literature. Here we follow the terminology used in [12].
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arising in such manner were clearly proposed in [12], and the principle could be equally
applied to more general, possibly interesting, models. However, the explicit solutions and
their qualitative nature are not yet known, even in the situation when the spectral curve
is a rational one. The aim of this paper is to show that the algebraic geometry method
could provide an effective tool for a thorough investigation into the mathematical structure
of the Bethe equation along the line of the quantum transfer matrix scheme in [12]. In this
work, we obtain the complete solutions of the Bethe equation for models with a rational
spectral curve for L < 3, among which a special kind of Hofstadter-type Hamiltonian Hpg
is treated. We present a detailed and rigorous mathematical derivation of these solutions of
Bethe ansatz equations, including that in [12], and further expand it to all the other sectors.
Both the qualitative and quantitative properties of the solutions are studied thoroughly. With
the understanding of Bethe solutions for these Hofstadter-like models of the rational flux, we
apply the thermodynamic process which enables us to propose the Bethe equation for a generic
flux with the desirable solutions from both mathematical and physical considerations. The
analysis we make on the solution of the model via the Bethe ansatz method has clearly revealed
the algebraic geometry character of the Bethe equation. We adopt such an interpretation in
approaching the diagonalization problem of certain quantum integrable models. Accordingly,
the Bethe ansatz method for the Hofstadter model (1) is formulated along this scheme,
and the qualitative nature of the Bethe solutions is obtained through the approach of algebraic
curve theory.

This paper is organized as follows. In section 2, we outline the concept of the Baxter vector,
a key ingredient for the study of the Bethe (ansatz) equation throughout this work. In order
to gain conceptual clarity, we shall present the subject from the algebraic geometry aspect. In
section 3, we first recall some results in [ 12] relevant to our further discussion, fix notations on
the transfer matrix and Bethe equation, then derive some general qualitative properties about
eigenvalues of the transform matrix. In the next four sections, we shall consider the case
where the spectral data lie on a rational curve, and perform the mathematical derivation of the
answer, along with the discussion of their physical applications. In section 4, we briefly review
the basic procedure of limit reduction to a rational spectral curve, that originally appeared in
[12], and present an explicit form of Baxter vector, which will be used in further discussions.
We present the complete solutions of the Bethe equations of all sectors for L < 3 in section 5.
In section 6, we explain the ‘degeneracy’ relations between the Bethe solutions and the
eigenspaces in the quantum space of the transfer matrix. We also mention the relationship
between our Bethe solutions and some known results by using the Bethe ansatz method in
the literature, and indicate the difference of our approach to the Bethe equation with that of
the usual Bethe-ansatz-type technique through certain non-physical solutions obtained by the
latter method. In section 7, we will address the ‘thermodynamic’ limit problem in the sense
that N tends to oo, and discuss the Bethe equation for those Hofstadter-like Hamiltonians
that appeared previously in the context of section 5, but with a generic g. In section 8, we
study the Hofstadter Hamiltonian (1) by starting from the format in [12]. Then we go through
an algebraic geometry analysis of the high genus spectral curve in which solutions of the
Bethe equation are represented, and the connection of the spectral curves to elliptic curves
is then clarified. We obtain a primary understanding of Bethe solutions through the spectral
curve and their relation with the Heisenberg algebra. We end with the concluding remarks in
section 9 with a discussion of the directions of our further enquiry.

Convention: inthis paper, R, C will denote the field of real, complex numbers respectively,
and Z the ring of integers. For positive integers N, n, we will denote by é C" the tensor

product of n-copies of the complex N-dimensional vector space CV, and by Zy the quotient
ring Z/NZ.
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2. Algebraic geometry preliminary and Baxter vector

In this paper, we shall denote by w a primitive Nth root of unity, and ¢ = w? with
gV = (=D"*! in particular for odd N,q = w'*. Let Z, X be two operators satisfying
the Weyl commutation relation with the Nth power identity,

ZX = wXZ zZVN =xV =T

The algebra generated by Z, X is called the Weyl algebra, in which the element ZX will be
denoted by Y := ZX. The following relations hold:

XY =0 'YX YZ=w'ZY YN = (=N L

The canonical irreducible representation of the Weyl algebra is given by the following
expressions on the N-dimensional space CV:

Z: v Z() Z(w) = q*u
X: v X(v) X = v )
Y:ve> Y() Y(v) = q”‘vk,l.

Here a vector v of CV is represented by a sequence of coordinates, v = (vi)kez, With the
N-periodic condition, vy = vi4+y. Hence one can consider the index k as an element of Zy in
what follows, if no confusion arises. Denote by |k) the standard basis of CV, by (k| the dual
basis of CV* for k € Zy. The kth component of a vector v of CV is given by vy = (k|v).
In the Weyl algebra, we shall consider only the vector subspace spanned by X, Y, Z and the
identity /, in which we denote the non-zero operator as

Pupys =a¥ —BX —yZ+81:CY — CV.

The kernel of the above operator, Ker(¢, g.,.5), depends only on the ratio of the coefficients,
i.e. the element [o, B, v, 8] in the projective 3-space P3. The non-triviality of Ker(¢gy g, .5)
defines a hypersurface of P3,

F = {lo, B,y,8] € P? | Ker(gup,,.5) # O}.

In fact, one has the defining equation of F as follows:

Lemma 1. The surface F is defined by the equation
FraV +8V =N 4V (o, B, v, 8] € P°.

Furthermore for |a, B,y,8] € F,Ker(@agp,ys) is a one-dimensional subspace of cvy
generated by a vector v = (v,,) with the ratios vy, : vy—1 = (€™ — B) : (Yo™ — §).

Proof. For v € CV, it is obvious that the criterion of v in Ker(¢,.4.,.5) is described by the
above ratio relations of v,,. For a non-zero vector v of C", the periodic relation v,, = v,4n
for a non-zero component v,, gives rise to the equation of F. O

Let v be a basis of Ker(gqp.,.5) for [e, B,y,8] € F. Note that there are N? (projective)
lines in F, defined by oV — BN = 0, equivalently, y¥ — §V = 0, which are labelled by
P}, :={aw — B =y — 80" =0} for j, k € Zy. Outside these lines, the components of v

are all non-zero. For elements in P! ,, one can set v = |k) at [0, 0, »*, 1], and v = |j—1)at

. J’k’
[1, w’, 0, 0]; while for the rest of the elements, the indices in Zy with the non-zero components
of v form a chain from £ increasing to j — 1.

For future purposes, we introduce a family of non-homogenous representations of the

surface F, depending on the parameter & = [a, b, ¢, d] € P’,
a=¢a B =xb y = —&'Exc §=—&d
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where (x, &, £') € C satisfies the equation
Syt ENaN — xNpN = (e )V (e NVEN N — gy,
For a fixed i € P3, the operator ¢, g, s corresponding to (x, &, ') becomes
F(x,£,&)Y=F(x,& & h) :=&aY —xbX +&ExcZ — &dl 3)
and we have
F(x,§ —1,&)=F(x,§, &) —&xcZ+dl
F(x,&,& —1)=F(x,£,&) —xcZ —aY.
For an element p = (x, &, §’) of S, we shall denote | p) as the basis of Ker(geq b, —¢¢xc,—£4)
with (0| p) = 1, equivalently, | p) is the vector of C" defined by
(mlp)  &aa™ —xb
m—1lp) — —&@Exco™ —d)’
We shall call | p) the Baxter vector associated with p € S, [3, 5, 12]. Then
F(x,§8)p) =0
F(x,& = 1,&; )p) = [t-p)A_(p) “)
F(x,& & — 1,;h)|p) = —|tp)As(p)

where A are the following (rational) functions of Sj,:

Olp) =1

&(ad — x%bc)
E'a — xb
and 7. are the automorphisms of S, defined by 7. (x, £, &) = (¢T'x, ¢ '€, ¢7'&").

A_(x,§.8)=d—x§c A(x,§,8) =

3. The transfer matrix and the Bethe equation

As in [12], it is known that the following L-operator® with the operator-valued entries acting
on the quantum space CV,

xeC

L) = < aY be)

xcZ d
possesses the intertwining property of the Yang—Baxter relation,
RCx/x") (L (x) @) D(1 Q) Lin(x") = (1 Q) LN (Ln(x) Q) DR(x/x") (5)

where ‘aux’ will always indicate an operation taking on the auxiliary space C2, R(x) is the
matrix of a 2-tensor of the auxiliary space with the following numerical expression:

xw —x7! 0 0 0
0 ox—x1H w-1 0
Ry = 0 w—1 x—x"! 0
0 0 0 xw —x~!
By performing the matrix product on auxiliary spaces and the tensor product of quantum
spaces, one has the L-operator associated with an element & = (ho, ..., h; 1) € (P},
L-1
Li(x) = Q) L, (x) := Ly, (x) ® L, (x) @ -+ & Ly,_, (x) 6)
j=0

5 The conventions in this paper are different from those used in [12] where X, Y correspond to our Z, X here.
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which again satisfies relation (5). The entries of Lj(x) are operators of the quantum space
é) CV, and its trace defines the transfer matrix

T (x) = Trau(Lj; (x)).
Then the commutation relation holds,

[T;(x), T;(x)]1 =0 x,x eC.

The transfer matrix 7j;(x) can also be computed by changing L;; to Zhj via a gauge
transformation in the following manner:

Ly, (x) = A;Ly, (1) A, Api=A)  0<j<L-1 @)

Jj+l
(1 g -1
A= <1 ]’51 >

and denote the corresponding Zhj (x) by Zhj (x, &, &j1). With Fj(x, &, ') of (3), we have

th(-xv‘i:j_lv‘i:j+l) _F‘h_,'(xsgj_lsgj+]_l)>
F‘h.f('x"i:j’gj+]) _F‘h_,'(xs g]s §j+] - l)

Set

Zh/(xagjagjﬂ) =(

and

>

T; (x) = Traus (L (x, £)) E:=(£,....60.1)

where

-1
Zﬁ(x,g) 1=®Zh,(x,$j,§j+1)= = &.

(Zﬁ;l,l(xag) ZE;],Z(xag)) £
S~ > L
Lﬁ;z,l (x,8) Lfl;zyz(xv &)

Jj=0
The existence of Baxter vectors |p;), p; = (x,&;,&;11) € Sy, for all j with the condition
éLLzl &), imposes the constraint of Lele]:ments (po, ..., pL—1) on the product of surfaces,
Hj;o S, which form a curve C; in Hj:_O Sy, with the coordinates (x, &, . .., &.—1) satisfying
the relations
N N NN
d) — X b i ]
G g = (VI L& j=0,....,L—1. (®)
! mxe) —d;

For p = (po, ..., pL—1) € Cj,, the Baxter vector |p) is now defined by

L on
|p) :=1po)®  ®|prL-1) €® C".
By the definition of Z;“ ;x> the Baxter vector of Cj, shares the following relations to entries of
Z]; similar to those for Z]; (x, §) in (4),

L (x,8)lp) = l_p)A_(p) Lj sy (x, )Ip) = [tep) As(p) Ly (x,5)Ip) =0

where AL, 7. are functions and automorphisms of C; defined by

L-1
A(x, &, ) = [[W@) = xEjic))
=0

L1
(ajd; — x*bjc;
Av(x, &, ..., 6021 = 1_[ §(a;d; j<i) ©
i &maj—xb;

e (.X, EOa REX) EL*I) = (qil-xa q71$0a REX) qiléLfl)-
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Then the important relation of the transfer matrix on the Baxter vector of the curve Cj, follows:
T;(x0)|p) = |t-p)A_(p) + [T+ p) As(p) for peCj. (10)
As Tj(x) are commuting operators for x € C, a common eigenvector (¢| is a constant vector
of é) C" with an eigenvalue A (x) € C[x]. Defining the function Q(p) = (¢|p) of Cj;, then
satisfies the following Bethe equation:
A(x)Q(p) = Q(t—(p)A_(p) + Q(r(p) Ar(p) for peC;. (D

In the rest of this paper we study in detail the above Bethe equation. Before that, we first
derive certain functional properties of the eigenvalue A (x).

Lemma 2. With the entries Ly, ; ;(x) of Lj(x) in (6), the following properties hold:
(i) under the interchange of operators, a;Y < dj, b;X < c;Z for all j, we have the
symmetries among Ly, ; ;(x)s, Ly, {(x) <> Lj.55(x), Ly 5(x) <> L, (x);
(it) the polynomial L;,; .(x) is an even or odd function with the parity (— )"/, and its degree
. L+1-5;
is equal to Z[T/] —1+6; ;.

Proof. We apply the gauge transformation (7) with A; = A, for all j. When

0 1
=0

one obtains the interchange of entries of Ly, (x), hence follows (/). For

10
b= 2)

the corresponding Zh‘/. (x) is equal to Ly, (—x), which implies the parity of Lj., ;(x). The
determination of the degree of Lj.; ;(x) can be obtained by certain suitable choices of the
values of ;. O

From the definition of 7j,(x), A(x), one can easily obtain the following result.

Proposition 1. The transform matrix T;(x) is an operator-coefficient even polynomial of x
with degree 2[%] which is invariant under the substitutions in lemma 2 (i). The constant term
of T; (x) is given by
L1 L -1
Ty:=T;0) = [[a; @ ¥+ ][] d;- (12)
=0

j=0

Subsequently, the polynomial A(x) in (11) is an even function of degree <2[%] with
A(0) =4 1—[!;;3 aj + ]_[jL.;é d; for some l.

L .

From the above proposition, we have Tj(x) = 25’:]0 T, jx2f with Ty given by (12). With

a further study of the expressions of 75;, one can show that they form a commuting family

of operators, whose proof we will not present here. Instead, as an illustration of this fact

and also for further use in this paper, we list below the explicit form of 7, for L = 2,3 in

T;(x) =Ty + x2T,, where the commutation relation of 7, and Ty is easily verified:

L=2 T, =boci X Q@Z+cob1ZR®X

L=3 T =byctarx X R®Z QY +aph1c2Y X Q Z+coa1h,Z QY ® X (13)
+C0b1dzz RXRQI +d0C]b21 RZRXX +b0d]C2X RIRZ.
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The above T for L = 3 can be written as the Hofstadter-type Hamiltonian Hpx of Faddeev
and Kashaev described in section 1 (for the exact identification, see [12])6 In equation (11),
Q(p) is a rational function of C; with poles. As the functions of Cj, §]+]x c dN and
(&M af — xNbY)(=&;)" are the same, by the description of the Baxter vector, the poles of
O(p) are contained in the divisor of C;, defined by

L1

[Ty —a) =0

j=0
Hence the understanding of the Bethe solutions of (11) relies heavily on the function theory of
Cj,; the algebraic geometry of the curve will play a key role in the complexity of the problem.
We shall specify the spectral curves in further discussion. For our purpose, in the rest of this
paper we shall only consider the situation when N is an odd integer, and denote the integer
[5] by M:

N =2M + 1.

4. The rational degenerated Bethe equation

For the next four sections, the spectral curve C; will always be the rational curve under the
following assumption of degeneration:

aj =q7'd; b;=q 'c for j=0,....,L—1. (14)

To make our presentation self-contained, we shall briefly review in this section the general
procedure of reducing the Bethe equation on Cj to a polynomial equation, that originally
appeared in [12], and present an explicit form of the Baxter vector which will be convenient
for further use. By replacing c;, d; by Z—j, 1, we may assume d; = 1 for all j. For the
convenience of mathematical discussion, also suitable for physical applications, we shall
assume that the parameters c; are all generic. The solutions for &; in (8) are given by

G = =gl =
which possess the structure of a finite Abelian group. Therefore Cj, is the union of disjoint
copies of the x-(complex) line indexed by this finite group. Instead of working on the curve
Cj,, the following . -invariant subset of C; will be sufficient for our discussion of the Bethe
equation:

Ci={(. 60 &) [So =" =§-1 =41 € Ly}.
The curve C will be identified with P! x Zy:

C=P' xZy x,q',....q") < (x,D).
The Baxter vectors are now labelled by |x, [) = ®3_0|x [)j, where |x,1); € CV is defined by
the relations

(klx.1); (1 —xc;qg7 )

(k—1lx,0); (1 —xcjqh)
We shall use the bold letter k to denote a multi-index vector k = (k, ..., k;—1) with k; € Z;

the square-length of k is defined by |k|? := ZL_OI kf The component-expression of the vector
|x, ) is given by

Olx,0l); =1 kely.

—2i

-1 —xc
klx, 1) = g 1—“—[ l_xchqml kj > 0. (15)
Jj=0i=1

¢ The operators X, Y, Z, S, T, U in [12] correspond to Z, X, Y, U, V, W respectively in this paper.
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Equation (10) takes the form
T)|x, 1) =1g7"x, 1 = )A_(x, ) +|gx, [ = 1)Au(x,]) (16)

where AL are given by

L—1 1 L-1 | _ x2c2.
A_(x,l):l_[(l—xc,q) A+(.x,l)—l_[m
j=0 Jj=0
As in [12], we introduce the following two functions on the curve C:
L—1 n L—1 n
. 1 —)CC q —2(n—k) ) 1 _xch—l—Z(n—k)
rem=11+— % 1 —xc;q2 b fram+n=111 1= xc q*20=h
j=0 k=0 j=0 k=0 J
(17)
by which we define the vectors
N—1 N—1
Ix)¢ = Z X, 2n) f€(x, 2n)™ ) = Z Ix,2n + 1) f(x, 2n + D™ (18)
n=0 n=0
By computation, the following relations hold forn € Zy:
f¢(x,2n)
— A4 (x,2n) = AsL(x,0
FolqFx. 2m = 1) +(x, 2n) +(x,0)
S =D N oo — 1y = Avx, —1)
x,2n—1) = x, —1).
fe(xq*,2n —2) * *
Then (16) becomes the system of equations,
T)|xX)m = lg " x))mD,, (x) +|qx))m Djj (x) m € Ly
where
0 Ai(x,—1)
_ e o + _ +A,
0w = (90 105) D) = (wm N ) :
In what follows, it is convenient to use the notation of a shifted factorial:
(a; ) =1 (a;a)n:(l—a)(l—aot)ou(l—aot”_l) ne”Z-.
From (15) and (17), we have
- C]; wil)k +n+1

Fé(x,2n) (k|x, 2n) = g ]_[

(JCC, 5 w)k +n+1

L1 (xch’l; a)’l) _
foG 2n+ D(Kx, 2n + 1) = g™ T it
(XC;q; )k 4n+1

Jj=0

Note that each ratio term on the right-hand side of the above is defined when the lower index
k; +n + 1 is positive; however, its value depends only on the class modular N. So we shall
use the same notation for an arbitrary integer index n by defining the value equal to that of
any positive representative of the class involved in Zy, and will keep this convention in what
follows. From (18), we have

(klx)s, =" Y '"]_[

nely

ij, k +n+1

(xCj5 O)kan+1

_ —1. ,.—1 (]9)
xch 0] )

s =g o]

nely

kj+n+1

('xcha a))k +n+1
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We proceed with the diagonalizing procedure on the matrix D= (x) by a gauge transformation
using an invertible 2 x 2 matrix U, (x):

X)) > 1) = 1)) U (%) D (x) > Un(q™'x) "' DE(xX) Uy (x).
We shall choose the matrix U,, (x) of the form’

g Mu(gx)  u(gx) )

Um(x)z( ux)  —q"ux)

Then the diagonalizable criterion of D (x) for all m is equivalent to the following equation
of u(x):

L1
1 —c;
u(wx) _ cjx 20)
u(x) i=0 I —cjxq
Note that the right-hand side of the above form is equal to AA*(EB;), which is the same as

A_(gx,—1)

TR The resulting expression of D (x) becomes

D, (x)=q"A_(x,-1) ((1) _01) D! (x) = q" Av(x,0) <(1) _01> .
With the notation

1X)m = (1), %)) (0,(0), 0,,(x)) = (¢|x)m
one has

1) = 1x)5q " u(gx) + |x);u(x) X}, = |x),u(gx) — |x);,q" u(x).

The Bethe equation (11) now takes the form

L-1 L—1
4+ " A Q) = [[ (1 —xe;a7") Otxg ™) + [ [ (1 +x¢)) 05 (xq). 1)
j=0 j=0

5. Solutions of the rational Bethe equation

In this section, we advance the discussion of the last section to obtain the explicit solutions of
the Bethe equation (21) for L < 3, from which a special case will be shown in the next section
to coincide with that in [12, 23].

Lemma 3. The general solutions of the rational function u(x) for (20) are given by
L—1
u(x) = R(xN) l_[(cjx; a));,IIJr1
Jj=0
where R(xN) is a rational function of x" .

Proof. Note that the ratio of any two solutions of (20) is a rational function r(x) with the
relation r (wx) = r(x), which is equivalent to r(x) = R(x") for a rational function R(x") of
x™. Therefore it suffices to show that 1—[!;;3 (cjx; a));llJrl is a solution of (20), which is easily
seen by g = wM*!, O
7 The form of the gauge transformation matrix here is slightly different from that of (5.15) in [12] by rearrangement

of the entries. As we are not able to produce the required formulation through the expression in [12], we wonder if
there might be a misprint in it.
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By the expressions of (k|x)¢, (k|x);, in (19), in order to have the polynomial functions
of Q% (x) in (21), we choose the following gauge function u(x) by setting R(x") =

1—[/;;3 (1- xl\’c;\')2 in lemma 3:
L1

ux) = l_[ (l — ch_;V) (xc_,-q; qZ)M. (22)
j=0

The polynomial Q,j; (x) has the degree at most equal to that of u(x), whichis (3M + 1)L. By
proposition 1, one requires the polynomial solutions Q£ (x), A(x) of the Bethe equation (21)
with the constraints,

deg QE(x) <BM + 1)L

deg A(x) <2 [%} Alx) =A(—x) AQ©) = ql + 1 for some /.

Remark. For another choice of gauge function u(x), only the function Q,f(x) differs
by a multiple of a certain rational function of x", which has no effect as far as the Bethe
equation is concerned.

Lemma 4. Let g be a primitive Nth root of unity, k, 1 be integers with ¢* + q' € R. Then
K+l
g =1.

Proof. By the odd property of N, 1 is the only real number among the Nth roots of unity. We
may assume that 1, g¥, ¢’ are three distinct numbers. The following conditions are equivalent:
F+¢' eR = ¢"—¢geR = 4" —1eq¢'R.

By interchanging k and / in the above relations, one concludes that (g**' — 1) € g*R N ¢'R.
By q" #* :I:q’, qu N q’R consists of only the zero element. Hence qk” =1. O

For the Bethe equation (21), one needs only to consider the plus part of the equation
because of the following result.

Proposition 2. For m € Zy, we have Q,,(x) =0, |x),, = 6, and
X = 2" x)yu(gx) = 2|x)pu(x). (23)

Proof. Let Q,, (x) be anon-zero polynomial solution of (21) for some A (x) with A(0) = q’ +1,
and write Q, (x) = x"Q, *(x) with Q,*(0) # 0. By comparing the x"-coefficients of (21),
we have —g ™" A(0)Q,,*(0) = (g7 +¢") Q;,*(0), hence

—q"(1+q") =g +q".
By lemma 4, g/ = ¢®", which implies that ¢" = —g®™", a contradiction to the odd property
of the integer N. Therefore the only solution Q,, (x) for the negative part of (21) is the trivial

L
one. Since Q,, (x) is of the form (¢|x),, for an eigenvector (¢| of T'(x) in ® CV*, and all such

L -
vectors (| form a basis of @ CV*, hence |x),, = 0 for all m. Then follows relation (23). [J
We now derive some general properties of the solutions Q; (x) of (21).

Lemma 5. For a polynomial A(x) with A(0) = q' + 1, the necessary and sufficient condition
of A(x) for the existence of a non-zero polynomial solution Q% (x) of equation (21) with the
eigenvalue A(x) is given by the relation q' = q®™. In this situation, with Q7 (x) = x" Q}*(x)
and Q?*(0) # 0, one has q" = qg*".
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Proof. Let Q7 (x) be a non-zero solution of (21) and write O} (x) = x"Q}*(x) with
0:1%(0) # 0. By the same argument as in proposition 2, we have

g +g)=q7"+q"
hence ¢’ = ¢*" and g = ¢ by lemma 4. The ‘sufficient’ part of the statement remains to
be shown. For q’ = q2’", by (19) and (23), one concludes that |x)} cannot be identically zero.
We claim that the solution Q} (x) in (21) has non-trivial solutions. Otherwise, this implies

that |x)¥ is always the zero vector for all x by the same argument as in proposition 2, hence a
contradiction. O

Proposition 3. Let m be an integer between 0 and M, and Q},(x), Q% _,, (x) solutions of (21)

form, N —m respectively which arise from the evaluation of eigenvectors (¢| of T, (x) on the

Baxter vector. Then Q} (x), Q% _,, (x) are elements in x™ 1—[!;:—(; (1- ch;V)C[x].

Proof. The divisibility of O} (x), O} _,,(x) by x™ follows easily from lemma 5, so only the

factor 1—[!;;3 (1 —xNe j\') remains to be verified. As Qf (x) is of the form (¢|x); for some
L

vector (¢| in ® CV*, and by (19) and (23), it suffices to show the following divisibility of

polynomials:

xc],

H(xc,, Wt | 1(gx) H G
J°

H(xc " w)y | u(x)]"[

By the form of u(x) in (22) and the relation g™ *'*/ = w/*! for j € Z, the above relations
are easily seen. 0

k +n+1

a))k +n+1

—1. -1
ijq » @ )k +n+1

('xcha a))k +n+1

For our purpose, the functions QF (x) that we shall consider are only those arising from
eigenvectors of the transfer matrix, hence Q}, (x) is in the form of proposition 3. For the rest
of this paper, the letter m will always denote an integer between 0 and M,

0<m<M.
We shall conduct our discussion of the plus part of equation (21) for the sectors m, N — m
simultaneously by introducing the polynomials A,, (x), Q,,(x) via the relation

L—1

A (x), x™ l—[ (1=x"e}) Qn(0) | = (¢7"AW), 05, (1)), (¢"AX), Oy (X)) (24)

J=0

Then relations (21) for both the m and N — m sectors are reduced to the following:

L-1 L—1
A () Q) =g " [ ] = xc;q7 ) Quixg™") + g™ [J(1 +x¢))Qu(xq) (25)
j=0 j=0

where Q,,(x), A, (x) are polynomials with
deg O,(x) <K ML —m

deg Ap(x) <2 [%} An(x) = Ap(=x) AQ0)=q" +q™"

The general mathematical problem will be the structure of the solution space of the Bethe
equation (25) for a given positive integer L. First, we derive a detailed answer of the Bethe
solutions for the simplest case L = 1.
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L =1.Wehave A, (x) =¢q"+q ", anddeg Q,,(x) < M — m.

Theorem 1. The solutions Q,,(x) of (25)L=1 form a one-dimensional vector space generated
by the following polynomial of degree M — m:

J m+i—1 —m—i
q —q i
Bn(x) =1+ E (l | e p———— qm“) (xco)’. (26)

i>1 \i=1 4

(Note that the coefficients in the above expression are zero for j > M —m.)

Proof. Write
M—m )
On(x) =Y Bjlxco).
i=0

Then (25),—; is equivalent to the following system of equations of ;:

(@"+q ™" —q " —q" DB =" =g jeZxo 27)
where B is defined to be zero for k not between 0 and M — m. As the values of
q" +q " — g — g™, g7/ — ¢! are all non-zero, the polynomial Q,,(x) is
determined by By (or equivalently By,_,,) through the recursive relations (27). With 8y = 1,
this provides the basis element B,, (x). ]

Corollary 1. The vector space of all polynomial solutions of (25),—1 (without the restriction
of the degree of Q,,(x)) is C[xV]B,,(x).
Proof. By using the fact

g" T =g =0 <= j=M-m+1 (modN)

q" g — g™ —qg™ T =0 <= j=0,N-2m (modN)
and relation (27) for those j with M —m +1+IN < j < (I +1)N (I € Z), any solution
Zk>0 ﬂj(cox)k of (25),—; must have fy = O exceptk =0,..., M —m (mod N), and hence
is an element of C[x"]B,, (x) by theorem 1. O

For the Bethe equation (25) with L > 1, by the scaling of the variables,
x> A x cj > Acj for A eC*

we may assume that the x/-coefficients of polynomials, A, (x), Q,(x), are always
homogenous functions of ¢y, ...,c,—; with the degree j. As (25) is invariant under
permutations of c;, the coefficients of the polynomials of x involved in (25) depend only
on the elementary symmetric functions of c;,

s = Z Ciy - €y for j=1,...,L.
We shall denote
d
Ou) =) a;x)  d:=deg Qu(x) (SLM —m)
=0
and define o/ to be zero for j not between O and d. For the rest of this section, we shall only

consider the case L = 2, 3.
L = 2. We have only two elementary symmetric functions of c;:

§1 =cCo+C1 §2 = CoC1.
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Lemma 6. Let n be an odd positive integer, A an n x n matrix with the complex entries a;_;
satisfying the relations

i+j+1 T
aij = (=" a,_js1n—ixi for 1<i,j<n.

Then A is a degenerated matrix.

Proof. Write n = 2 + 1. The determinant of A can be expressed by

det(A) = Y sen(@) [ [aiow = Y sen(@) [ (=1 ap oyt nin
- i=1 - i=1

= sgn(00) (="' Y "sgn(0) [ [ awjy.; = sgn(oo)(—1)"'det(A)

o’ j=1
where the indices o, o’ run through all permutations of {1, ..., n}, and oy is the one defined
by op(i) =n —i + 1. By sgn(op) = (—=D", we have det(A) = 0. O

In equation (25).—2, A, (x) is an even polynomial of degree <2, and deg Q,,(x) < 2M — m.
By comparing the coefficients of the highest degree of x in (25), we have
Apx) = (@™ +q7" ) sy +q" +q 7"

For k € Z, we define

—m

w=q"+4"~q" —q
8= (g"" —q7m (28)
up=(q" 7 +q" —q" =g sy
Then (25);—; is equivalent to the system of linear equations of «,
U jOj + S jOj—1 + U jotjr =0 Jj € Zyy. (29)

In fact, the non-trivial relations in the above system are those for j between 1 and d + 1, hence
the matrix form of (29) is given by

Omed+1  Umsd+1 0 ce 0 0 (7]
Un+d  Om+d  Um+d - 0 0 Qg1
0 -
=0. (30)
0
0 Um+2 8m+2 Um+2

0 e 0 Um+1 8m+] (o 44}

Theorem 2. Equation (25);—» has a non-trivial solution Q,,(x) if and only if deg Q,,(x) =
M —m+m' for0 <m' < M. For each such m', the eigenvalue A,,(x) in (25)1— is equal to
Ny (X) 1= q% (@" " +q ") x5y +q" + g7, and the corresponding solutions of Q,,(x)
form a one-dimensional space generated by a polynomial By, ,y (x) of degree M — m +m’ with
By (0) = 1. (Here g* = gM*.)

Proof. Denote d = deg 0,,(x). Among those v; of the entries of the square matrix (30),
there is at most one zero term which is given by vy_», = 0. If Q,,(0) = 0, this implies
that Q,,(x) = xV=2" Q% (x) with Q% (0) # 0, and each coefficient of the polynomial Q% (x)
is expressed by a @}, (0)-multiple of a certain polynomial of co, c;. By setting ¢; = 0,
xN=2m 05 (x)0;, (0)~! gives rise to a solution of (25),—;, which contradicts the conclusion
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of corollary 1. Therefore Q,,(0) # 0. If d is less than M — m, again by setting ¢c; = 0,
the function Q,,(x) gives rise to a solution of (25);—; of degree <M — m, a contradiction to
theorem 1. Henced = M — m +m’ for 0 < m’ < M. It remains to be shown for each such
m’ that the solutions Q,, (x) form a one-dimensional vector space. As any non-trivial solution
O (x) must have Q,,(0) # 0, this implies the injectivity of the following linear functional of
the solution space:

Om(x) = Qn(0) € C.

So one needs only to show the existence of a non-trivial solution Q,,(x), which is equivalent
to the degeneracy of the square matrix of size d + 1 on the left-hand side of (30). Write this
square matrix in the form

A O
(& 3) G1)

where Cis a (d —2m') x (2m’ + 1) matrix, A, B are the tri-diagonal square matrices of size
2m’ + 1,d — 2m’ respectively. The explicit form of A is given by

SMmatem'  UMilem 0 ce 0 0
UM +m’ 8M+m’ UM+m 0 B 0
0 UMam'—1  OMam'—1  UMam'—1
A= : 0
0
0 UM+2—m’ 8M+27m/ UM+2—m'
0 e 0 UMtl-m'  OM+1—m
From (28), we have v; = vy_;,8; = —8y+41—j, ; = unso—;. This implies that matrix A
satisfies the condition of lemma 6, hence det(A) = 0. Therefore the square matrix (31) has a
zero determinant. O

Remark. From the above theorem, the following data are in one-to-one correspondence with
integers m, m’ between 0 and M:

(m,m’) <— Ay (x) <> By (x).

The characterization of B,, , (x) is given as a (unique) polynomial with deg B, , (x) =
M —m+m' and B, ,»(0) = 1, whose coefficients «; satisfy equation (29) with

k —m

w=qg"+q " —q"—¢
Se=(""=q s (32)

Uy = (qH +g k- - q*m'*%) 5.

L = 3. There are three elementary symmetric functions of c;,
S1=cot+cy1+C §2 = cpC1 + 162 + 00 §3 = CpC1C3.

A non-trivial solution Q,,(x) of (25).—3 has the degree d < 3M — m, and A,,(x) is of
the form

Ap(X) = Apx> + q"+q™". (33)
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Note that A, is a homogeneous function of ¢; of degree 2. For k € Z, we define

we=q"+q —q" —q7"
ve=(@""—qMs

S =1(q""+q s

up = (q"7 — g s

Equation (25);—3 is equivalent to the system of linear equations of «;,
Wi j0j + Upyjlj1 + (8m+j — )»m)olj,Q tUpsjdlj3 = 0 j (S Z}o. (34)

The non-trivial relations of the above system are those for j between 1 and d + 3.

Lemma 7. Let Q,,(x) be a non-trivial polynomial solution of (25)—=3 for some A,,(x). Then
the degree of Q,,(x) is equal to 3M — m with Q,,(0) # 0.

Proof. First, we note that for j between m + 1 and 3M, the only possible w; with zero value
are given by

WN-—m = WptN = 0.

Let 7 be the zero multiplicity of Q,,(x) at x = 0. If Q,,(0) = 0, by (34) we haver = N —2m
or N. The polynomial o, 1'0,,(x) with ¢; = ¢, = 0 is a non-trivial solution of (25);-; with
zero multiplicity r. By corollary 1, » must be equal to N and the degree of Q,,(x) is at least
N + M — m, which contradicts our assumption, d < 3M — m. Therefore Q,,(0) # 0. By the
relation of j = d + 3 in (34), we have ¢""*? = ¢~"~?73 hence the only possible values of d
are M —m —1,3M —m. Ifd =M —m —1,by w; #0form +1 < j < M, the function
O, (x) with ¢; = ¢, = 0 gives rise to a non-trivial solution of (25);—; with degree <M — m,
a contradiction to theorem 1. Therefore d = 3M — m. O

By the above lemma, the ‘eigenfunction’ Q,,(x) for an eigenvalue A,,(x) is unique up to a
non-zero constant, hence there is a one-to-one correspondence between the eigenvalues and
eigenstates of the Bethe equation (34).—3 for a given m. By d = 3M — m, the (d + 3)th
relation in system (34) is redundant, hence the matrix form of (34) becomes

oy
A—x, O : -
( c B) : =0 d=3M—m (35)
o
where A is the N x N matrix,
Sy Uy, 0 e 0 0
Uyoo Onop Uyoo 0
Wy_y Vyoz Syy Uyy 0
A=1 o : (36)
0
0 w) v 8 u)

0 0 wy v, 8
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with the entries defined by

3 3 _ 1 3
R R vli=(q"+2—q"2)s1
8§ = (61"’% +q*"*%>Sz up = (q"’% —q*"*%)n
and B, C are the following matrices:
S+l — Am U1 0 0 0
vy S — Am Uy 0
Wh—1 Up—1 SM—1 — Am UM 0
B= 0
: 0
Win+3 Um+3 8m+3 - )‘«m Um+3
0 e 0 Wm+2 Um+2 8m+2 - )\m
0 e 0 0 Win+1 Um+1
0 -+ -+ 0 wys O
0 --- 0 iy 1 B
c=1. 0 wy =Wy =q2+q2 —q" —q "
o ... 0

Note that the coefficient matrix of equation (35) is of the size (d +2) x (d + 1), while there are
only d +1 variables « to be solved. Matrix B is equal to the upper-left (M —m +1) x (M —m)
submatrix of the square matrix A — A,,/, of which the entries a;;, 1 <7, j < N, satisfy the
relations aj = (— 1)i+jaN,j+1’N,,'+1 .

Theorem 3. For 0 < m < M, the condition of the eigenvalue A,,(x) = Au,x>+q™ +q™"
with a non-trivial solution Q. (x) of equation (25).—3 is determined by the solution of
det(A — X)) = 0, where A is the matrix defined by (36). For each such A, (x), there
exists a unique (up to constants) non-trivial polynomial solution Q,,(x) of (25);—3, and the
degree Q,,(x) is equal to 3M — m with Q,,(0) # 0.

Proof. By lemma 7, one needs only to show the existence of a non-trivial solution «; of (35)
for a A,, with det(A — X,;,) = 0. Form = M, it is obvious as there is no matrix B, and C is
zero. For m < M, with a given A,,, there exists a non-trivial vector in the kernel of A — A,,,

A3 —m

=1

a-ay| =

I —m

As the u; appearing in matrix B are all non-zero, by the fact that the rank of B is at most
M — m, one can extend the above «; (M —m < j < 3M — m) to a solution «; of (35). The
result then follows. ]

Remark. By the above theorem, the eigenstate Q,,(x) is unique for a given A, (x). It implies
that for each m, the eigenvalues A,, (x) and eigenstates Q,,(x) of the Bethe equation (25);—3
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are in one-to-one correspondence. Note that these Q,,(x) are obtained under the constraint
of A,,(x) with form (33), a conclusion by the analysis of the transfer matrix in proposition 1,
which we will refer to as the ‘physical’ criterion while comparing the usual Bethe ansatz
technique in the discussion of the next section.

6. The degeneracy and physical solution discussion of the Bethe ansatz relation

In this section, we first discuss the degeneracy relation of eigenspaces of the transform matrix

L
T(x) in ® CV* with respect to the Bethe solutions we obtained in section 5. As before, A (x)
denotes the eigenvalues of 7 (x). By proposition 1, the constant term of 7 (x) is given by

L L
To=D+1 D:=q"Q®Y
with the eigenvalue A (0), which is of the form ¢’ + 1. For [ € Zy, we denote E’L = the

eigensubspace of é) CV* of the operator D with the eigenvalue ¢', which is of dimension
NL=1, By lemma 5, for 0 < m < M, equation (25) describes the relation of A(x) and Q7 (x)
through (24) when A (0) = ¢*" + 1 or g>™ = + 1. For L = 1, T (x) is the constant g 'Y + I,
and EZ1 is the eigenspace of Y for the eigenvalue ¢'*!. By the evaluation at the Baxter vector
|, |x)}’\,_m respectively, both the spaces, E}' and E?’ ™, give rise to the same functional
space generated by x” (1 — x¥¢V)B,, (x) with B,,(x) in theorem 1. For L = 2, 3, expression
(13) of T, becomes

L=2 Th=q 'coci(XQZ+Z®X)
L=3 Tr=q 2coct XQZRY +c102Y X ® Z+¢oc2Z @Y @ X) (37)
+q Ncoc1Z@X T +c1cl ®Z QX +¢cocr X Q1 Q Z).

‘We shall denote by O}, the operator algebra generated by the L-tensors of X, Y, Z, I appearing
in the corresponding expression of 7,. Then O, commutes with D, hence one obtains an
O -representation on EIL for each /.

L =2. The O, is a commutative algebra with the generators X ® Z, Z ® X, and it

contains the element D (=ZX ® XZ). The O,-representation on é) C"* has the eigenspace
decomposition indexed by the (X ® Z, Z ® X)-eigenvalue (¢', g/), or equivalently, the
(D, Z ® X)-eigenvalue (q', g/), where i, j, I are elements in Zy with the relation ¢’ = g/*'.
In fact, the eigenspace is one dimensional with the basis (¢, ; | defined by

(Bioir] = % 3 kKR |

kK eZy
where (jo, j1) isrelated to (i, j) by (0, w/1) = (¢', g7). The vectors (¢, ;, |, withw*/1 = g,

form a basis of Ej. The permutation of tensor factors of é) CN* induces an automorphism of
El2 which interchanges the vectors (¢;, ;| and (¢}, j,|. The eigenvalues of 75 are given by
coc1(q'==" + q/=1) for j € Zy, and the corresponding eigenspace is generated by (¢;, ;|
and (¢;, ,|, where /' = g/, w/*/' = ¢', with the dimension equal to two for all j except
j = (M + 1)l. By (24), the index (I, j) which corresponds to (m, m’) of theorem 2 is given
by the relation

(ql’ q]) — (qu’ qm—m/—%) ; (q—Zm’ q_m_m/_%) .

With the evaluation at the corresponding Baxter vector, (¢;, ;| and (¢}, j,| give rise to the
same eigenstate B,, , (x) in theorem 2.
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L = 3. We have
gD=(ZRXQRQNXRIRZ)IQZRX). (38)
With the identification,
U=D"Z@X®I V=D"X®I®Z (39)

O3 is generated by U, V which satisfy the Weyl relation UV = ¢>VU and the Nth power
identity. Hence O3 is the Heisenberg algebra and contains D as a central element. By (37),
g D~'/2T, is the following Hofstadter-like Hamiltonian:

coct(U+U Y +coca(V+V ) +cic2 (gDPUV +q7 'DPVIUTY). (40)

Note that the above Hamiltonian is a special case of the Faddeev—Kashaev Hamiltonian Hpg
with W = ¢7'D2V~-'U"!",a = B = y = 1. Our conclusion on the sector m = M is
equivalent to that in [12] as will become clearer later on. It is known that there is a unique
(up to equivalence) non-trivial irreducible representation of O3, denoted by C¥, which is of
dimension N. For each /, EY is equivalent to N-copies of C} as O3-modules: E} ~ NCY'.
For 0 < m < M, we consider the space E} with ¢/ = ¢*". The evaluation of E} on
|x)%,, gives rise to an N-dimensional kernel in Eé By theorem 3, there are N polynomial
solutions Q,, (x) of degree 3M — m of (25),—3 for each of N distinct eigenvalues A,,(x). The
N-dimensional vector space spanned by those Q,,(x) realizes the irreducible representation
Cg of the Heisenberg algebra Os.

Now we discuss the relation between the Bethe equation (25) and the usual Bethe ansatz
formulation in the literature. For the physical interest, we focus our attention only on the case
of L =3. For0 < m < M, asolution Q,,(x) in (25);—3 must have Q,,(0) # 0 by theorem 3.
We write

3M—m 1
OO = [] (x - Z) ueC. @1)
I=1
By setting x = zl_l in (25).-3, we obtain the following relation among z;, called the Bethe
ansatz equation in the physical literature as in the case of usual integrable Hamiltonian chains,

2 3M

e _

q"“%]_[ atej 1—[ gz = zn 1<1<3M —m. (42)
im0 97 =€

The following lemma is obvious.

Lemma 8. For a polynomial Q,,(x) of form (41), the Bethe ansatz relation (42) for the roots
of O (x) is equivalent to the divisibility of ¢~ ]_[izo(l —x¢jqg HO0m(xg ) +q™ ]_[izo(l +
x¢j)Qm(xq) by Q(x). In this situation, the quotient polynomial T'(x) of the latter pair has
a degree at most 2 with I'(0) = g™ +q™.

As mentioned in the remark of theorem 3, the eigenvalue of the Bethe equation (25);_3
is described by the eigenstate Q,,(x), which is a polynomial with the pre-described zeros
satisfying (42). However, the quotient polynomial I'(x) in lemma 8 arising from a solution
of (42) might not be an eigenvalue A,,(x) with form (33) of the Bethe equation (25);_3, i.e.
I"(x) might not necessarily be an even function. A solution of (42) with a non-even quotient
polynomial I'(x) will be called a ‘non-physical’ one. For the sector m = M, there is no
non-physical Bethe ansatz solution of (42) by the following lemma.

Lemma 9. For m = M, the quotient polynomial T (x) in lemma 8 associated with a solution
of (42) is always of the form Ay (x) in (33).
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Proof. By lemma 8, I'(x) = 23:0 yix/ and yo = ¢~ + gM. Tt suffices to show the
vanishing of y;. We write e, Qp (x) = x*M + Z?f&l B;x’ with By # 0. By comparing the
x-coefficients of (25),—3, one has

ViBo+voBi = (=g M +g")s1Bo+ (g7 + M B
which implies y; = 0. O

With a further argument following the proof of the above lemma, one can obtain relations
(5.26) and (5.27)% of [12], where the conclusion applies only to the M-sector. In fact, the
comparison of the x2-coefficients of (25);—3 yields the relation

Ay = (qul +qM)S2 + (qM+1 _qul)slﬁ]ﬁo—l + (qul +qM+2 _ qM _ qMH)ﬁZﬁO—]

whose equivalent expression is the following:

2M
=1 =3 1 =3 3 =3 1 =1
Am = (qT +q7)Sz+ (qf —qT)sl E Zn + (qf 97 —q* —qT) E UZn. (43)
n=l1

l<n

With the substitution, © = q%cal, Vv = cﬁc(l, p = q%cgl, expressions (42),,—y and (43)
coincide with (5.26) and (5.27) in [12]. By lemma 9, the Bethe ansatz relation (42) is shown to
be equivalent to the Bethe equation (25),—3 for the M-sector. However, the parallel statement
is not true for the sector m = M — 1; in fact, there do exist some ‘non-physical’ Bethe ansatz
solutions to (42). An obvious example is given by the following one. By 3M —m = N, the
collection of inverse of roots of x¥ — f = 0 (B # 0) forms a solution of the Bethe ansatz
equation (42), and its associated quotient polynomial I'(x) in lemma 8 is given by
_3 3 _3 1 IR 2
I'x) = (q 2 +q2) + (q 2 —qz)s1x+ (q 14+q 2)s2x

which is not an even polynomial, required by the solutions of equation (25). This shows
that the inverse of roots of x¥ — B = 0 for B # 0 provides a ‘non-physical’ solution of the
Bethe ansatz equation (42). By the above example, constraint (33) on the eigenvalue A, (x)
should be taken into account in the discussion of the Bethe ansatz solutions of (42) for the
spectrum problem of the transfer matrix in an arbitrary sector. Such a consideration will
become more crucial when the problem of thermodynamic flux limit procedure is involved in
the next section.

7. The rational Bethe equation for a generic ¢

In this section, we study the rational Bethe equation for a generic ¢g. In particular for |g| = 1,
it is the infinity flux limit discussion, i.e. N — oo, of the models appeared in the last two
sections. In the discussion of this section, ¢ will always mean a generic one. By using
formula (2), one has the canonical representation on C*™ of the Weyl algebra generated by
Z, X with the relation

ZX =q°XZ Y :=ZX.

With 4 € (P*)%, one defines the transfer matrix T; (x) as in the finite N case, and then discusses
its spectrum A (x). Under the degenerating assumption (14), the method of the previous three
sections can be applied equally to reduce the diagonalization problem of the transfer matrix
to the Bethe solutions of equation (25). It is important to note that the form of (25) is valid
for all finite N while keeping the size L fixed. This enforces us to use the same form of the

8 The M in our paper is denoted by P in [12].
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Bethe equation for a generic ¢ as that in the finite N case, so that the formulation becomes
compatible with the infinity N limiting process. An eigenvalue of the transfer matrix, the same
for the Bethe equation, should be the generic analogy of A (x) appeared in the first relation of
(24), now denoted by 1~\m(x) = g A, (x); however, for the eigenstate of the Bethe equation,
we will keep the infinity N version of Q,,(x) in (25). The Bethe equation for a generic g for
m € L is now described by

L—1 L—1
An)Qu(x) =[] (1 = x¢;g7") Quixg™) + g™ [ [(1 +xc)) Qun(xq) (44)
Jj=0 j=0

where Km (x) is an even polynomial of degree QZ[%] with 1~\m 0) = q2’" +1,and Q,,(x) is a
formal (power) series of x, i.e.

Qn(x) =Y a;x/, € Cllx]].

J20

As in the discussion of the last two sections, we make a similar analysis on solutions of (44)
for L < 3. For L =1, Km(x) = ¢?" + 1, and B,,(x) in theorem 1 defines a formal series,
which becomes the basis of the solution space of (44);—;. Note that the description of 1~\m (x)
is consistent with the spectrum of the operator Y. For L = 2, 3, by expression (37) of T,, we
have the operator algebra Oy, as before, in which 7j is a central element.

L = 2. Equation (44);—> is equivalent to the linear systems (29) of «;, where the
coefficients of the equations are defined by (32). By theorem 2, the eigenvalue Km(x) is
given by

Km,m/(x) = (q"”m/_% + qm_m/_%) x2sy + qzm +1 m' € L.
Form, m’' € Z>y, the solutions Q,,(x) of (44),—, form a one-dimensional space generated by
an element By, ,(x) € C[[x]] with B,, ,»(0) = 1. Note that the algebra O, is commutative,

2
and the spectra of the O,-representation ® C** give rise to the eigenvalues of 7'(x), which
coincide with the above A, , (x) form, m’ € Zxy.
L = 3. We consider the operator qD’é T, which is the Hamiltonian (40). For the sector
m, its eigenvalue is given by ¢!~ 1,,, where A, is related to the polynomial A, (x) by
A (X) = Apx> 42" + 1.

~

With A,, := ¢7"Am, A, form the spectra of the quadric-diagonal square matrix A (36)
for a generic ¢, which is now of the infinity size as M increases to co. For each Toms
equation (44);—3 of Q(x) is equivalent to system (34). It is easy to see that there exists a
unique solution Q,,(x) (up to a constant) by the generic property of g. Note that the same
conclusion of Q,,(x) holds equally for an arbitrary complex number Toms including those not
in the spectra of A. This means that solutions of equation (44);—3 alone contain, but not
sufficiently determine, the eigenvalues of the transfer matrix 7'(x). Those m not from the
spectra of A correspond to the non-physical Bethe ansatz solutions of the finite N case, as
discussed in the previous section.

8. High genus curves and the Hofstadter model

We are now going back to the general situation in section 3. Note that the values SJN of the
curve Cj, in (8) are determined by Eév and x". Denote

y=x" n=E&.
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The variables (y, n) define the curve
Bj, : C;(y)n* + (A;(y) — Dj(y))n — B;(y) =0 (45)

where the functions Aj, B, Cj;, Dj, of y are the following matrix elements:

L1 N N
(—A,;(y) B; (y) ) L 1—[ (“’j yb; )
- —D- T N N
G Dj(y) i—o \Yej  —d;
Note that B; is a double cover of y-line, and Cj is a (Zy)~*!-branched cover of B;. The

automorphisms 7+ generate a covering transformation group of C;, over B;,.. In this section we
shall only consider the case

L=3 a0=d0=0 b():C():l
and we assume the variables /1, h, to be generic. The expression of T (x) is given by
TX)=x (i XRZRY +a1hrZQ@Y X +bidbhZ @ X QI +d1c2X Q1 ® Z)

equivalently, x72D~> T (x) is equal to the Hofstadter Hamiltonian (1) with U, V given by (39)
and u, v, a, B related to hy, hy by

,uz =gbiciard, a’ = q_]b]cflagldg

v = qgaidibyc;y ﬂz = qilal_ldlbz_lc’g.

The curve B;, is defined by (45) with
A () ==y (cf'ay +di'cy) Bi(v) =y (y’el'by +di'd))
G =y (7?0 +afay’) D) ==y (a'b) +b7'dy).

By factoring out the y-component, we consider only the main irreducible component of Bj,,
denoted by

B: (yszc2 +a; az)n +( sz bNd2 — c1 a2 dN )yn - (y ) b2 ledév) =0
(46)

which is a double-cover of y-line with four branched points, hence it defines an elliptic curve.

For the curve Cj, the variables & and &; are related by éév =& N This implies that C;,

consists of N irreducible components, each one is isomorphic to the same curve  defined by
the equations in the variable p = (x, &y, &),

NN 4 NpN N_ N, .NiN
W gN =& a; +x7b %.N__OaZ +x7by

& ——N N 2_—1\/ N
52C1 d ocz dy

It is easy to see that W is an N3-fold (branched) cover of the elliptic curve (46), and the genus
of Wis 6N* —6N?+1. We shall label the irreducible components of C;, by s € Zy and denote
the elements of C; by (p,s) with p € W, whose &;-coordinate is given by §)§; = g
Relation (10) now becomes

T(X)|p,s) = lt—(p),s — Dg™"A_(p) + |t (p), s — 1)g™ As(p)

where 7, are transformations of )V defined by (9), with the coordinates only involving
(x, &, &), and A4 are the following functions on W:

A_(p) = —x&; ' (x&c1 — dy) (xEocr — da)
(ardy — x*bicy)(axdy — x%byca)

Ay = = (x, &, .
P = e s = xb) G — xb2) P s ew
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By averaging the vectors |p, s) over an element p of W, one defines the following Baxter
vector on WV:

1 N—1
Ip) == ﬁgojmsmf.

The action of the transform matrix 7'(x) on | p, s) can be descended to the Baxter vector of W
as follows:

X2T () p) = 1= (p)A_(p) + |7 (p)) As(p) 47
where Zi are the functions of W,
(x&2¢1 — dy)(xEocy — db)
—x&o
&(ardy — x*bic1)(ardy — x*bycr)
x(&a1 — xby)(§oaz — xby)

By the following component expression of the Baxter vector on Cj,

A_(x, &, &) =

As(x, &, &) =

kq i ko i
(5o 2 ~2h5 2ok~ l‘[ §o(—8ra10' +xby) l‘[ —§oarw’ +xby
jor

(ko. k. kalp. s)g* = . .
1 = i Sxcio —d 2(§ox 20 — db)

the Baxter vector on W is given by

N—1 ;2 ki _ i ky j
o, k1, kol p) = 2= 0 g2 -anion T BCROG + D) [~ fuoer 4 xba
i=1

N Sxciwt —d, & (Eoxcrw! —dy)
(48)

J=1

Note that k; in the above formula are integers modular N. Each product term on the right-hand
side means the one for a positive integer k ; representing its class in Zy. For an eigenvector (¢|

3
in ® CN* of the operator x 27T (x) with the eigenvalue A, by (47), the function Q(p) := (¢|p)
of W satisfies the following Bethe equation:

20(p) = Q- (P)A_(p) + Q(z.(P))AL(p) reC. (49)

The above equation possesses a Z,-symmetry with respect to the following involution of W:
GW—>W p:(-xv‘s;:()sgz)'_)G(p):(_x7_§07 _52)

In fact, the commutativity of o and 7., and the o -invariant property of A( p) are easily seen.
Then by (48), the Baxter vector | p) is invariant under o, i.e. |p) = |o(p)) for p € W, which
implies that Q(p) is a o-invariant function. Furthermore, the rational function Q(p) has the
poles contained in the following divisor:
N-1
V! ] Gaxero’ — d)Goxerw’ — do) = 0.
i=1

In particular, it is regular at x = 0, co. Note that the finite values of Q(p) at x = 0, co are
consistent with the asymptotic values of A at x = 0, co in equation (49),

As(x, &, &) = +x7'g ' didy + 0(1) as x — 0
As(x, £, &) = £x&cicr + O(1) as  x — oo.
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With the x-coordinate, W is a 2N2-cover over the x-line, unramified at points over x = 0, oo
whose (x, &y, & )-coordinates are given by

Nads , [d
ol.il./:j:<(),qt A% i ﬁ)
' aan ads
ook, = + [0, q' [S12 47 [C1P2 ii'eZ
i = "IN ik b, s

3
Consider the D-eigenspace decomposition of ® CV* = b, Zn E’3 in section 6. The evaluation
on the Baxter vector of W gives rise to the following linear transformation:

(50)

& :El3 —> {rational functions of W} v g () (p) = (v|p) for [ €Zy.

Theorem 4. Forl € Zy, the linear map ¢€; is injective, hence it induces an identification of
EL with an N*-dimensional functional space of W.

3
Proof. Define the following vectors in ® CV*:

N—1 -1

(Vo bk | = (Z 61"2) Z ¥ (ko, k', ko
n=0 k'ely

(Bini| = 3 qHCimie ke ()

kely
where k;, j; € Zy. We have
(Viokiko| Z @ X @ T = "™ (Y 4, 1|
(Voo | X @ T ® Z = 0 (Y14, 1|
(Voo | T ® Z ® X = (Vg by +1,k0-1 | -
By (38), one has

(wkg,kl,kz D = q71+2(k0+kl+k2) (‘ﬁkofl,k|+l,szl| (¢j0,jlﬁj2| D= q71+2j0 (¢joqj1,jz| .

For a given [ € Zy, let jy be the element in Zy defined by g = g~'**. Then the vectors

| with jy, jo» € Zy form a basis of E.. By (48), we have
ot Jis J 3- DY
kr ; ko :

(Vi ko] P) = N 71720 Y q—k/2+(zk1—zko+1>k/l—[50(—5201‘0' +xbi) I1 —8oarw’ + xby

o Koy i Bxae —di o &HGexew! —d)
hence

o Y 2 R =304k (=2jo+6 j1 +2 jo+ 1) —k 44k k+(—=2j, + 1)k’
<¢.Iov]1,.lz p) =N g q

k,k'eZly
kr jo—k ;
: —éoaga)-’ + xbz

&o(—&a10" + xby)
) l_[ Exciwt —d, l—[ & (Epxcrwl —do)’

i=1 j=1

Set p = Ofl-/ defined in (50). By the relations of their (&), £)-coordinates, £&a1d; ' = g™,
£0&; 'arxd; ' = q'™"', we obtain
I nE )\ a1, 24 (14 —i") —20kP+k(=2jo+6j1—i+i') , K (=21 +2+i+i'+4k)
<¢Joqj|~,12‘ Oi,i'> =N"g 7~ q q
kk'€Zy
—j1 Gi+i" )42 (i=i") +j0(i+i’) () (=431 42)
2 2 8

2
Jo(l=j) =21+ 4ot j3+

=49
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hence

2

G+ +2) (=i+3i" +2)—4 jo i+) i(=3j1+2p)=i" Gy +2)2)
2

qjo(—l+j1)+2_i1—j7‘—j2—j22 <¢jg,_i1,j2|0;5/>q 3 =q (51)

As the correspondence, (ji, jo) — (—=3j1 +2j2, —j1 — 2j»), defines an automorphism of 73,
relation (51) gives rise to an isomorphism between E; and the space of Baxter vectors 07,
(or equivalently O;,). This implies the injectivity of &;. 0
From the discussion in section 6, Eé is equivalent to N copies of the standard representation
as the Heisenberg algebra (O3-modules. Hence by theorem 4, there exists an O3-module
structure on &; (Eé) inherited from the representation space Eé The mathematical structure of
the functional space ¢ (Eé) by incorporating the divisor theory of Riemann surfaces into the
Heisenberg algebra representation remains an algebraic geometry problem for further study.

9. Conclusions and perspectives

We follow the framework in [ 12] by the quantum integrable method to study the diagonalization
problem of some Hofstadter-like models. Through the Baxter vector of the spectral curve, the
study of diagonalizing a Hamiltonian with a rational magnetic flux is reduced to the problem of
a certain ‘Strum—Liouville-like’ difference equation on the curve, called the Bethe equation of
the associated model. The spectral curve has in general, a large genus, and the relations among
zeros and poles for a solution of the Bethe equation yield a system of algebraic equations.
Such systems of relations among zeros of the Bethe polynomial solution on a rational spectral
curve are usually referred to the Bethe ansatz equation in the literature. For certain models
of physical interest, e.g., the Hofstadter Hamiltonian (1), the study of the high genus spectral
curve is a necessary step in solving the spectrum problem through the algebraic Bethe ansatz
technique. In this paper, we clarify some finer mathematical manipulations in [12], then
go through all the delicate points one must consider in order to obtain the explicit Bethe
solutions. A careful analysis of the mathematical nature of the Bethe equation reveals the
vital role of algebraic geometry in a thorough understanding of the Bethe ansatz method,
as is the need to obtain the physical answer of the associated model. For this reason, we
have examined, in this paper, the Bethe ansatz equation in the context of algebraic geometry,
even in the degenerated rational spectral curve case in order to gain mathematical insight
into the Bethe equation. We further extend the approach to some more general situations.
Above all, we have endeavoured to present a clear and self-contained account of the theory,
and hope to have elucidated the mathematical structure of the Bethe-ansatz-style method in
the physical literature. The main content of this paper is in the discussions after section 5,
where the detailed mathematical derivation and analysis comparable to physical considerations
are presented. The topics between sections 4 and 7 are devoted to the degenerated case, where
the Bethe equations are related to models with the rational spectral curve. With an explicit
gauge choice, we have conducted the mathematical investigation of the Bethe equation and
obtained the complete Bethe solutions for all sectors in section 5. With these mathematical
results, we are able to further advance the study of the relevant physical problems, namely, the
‘degeneracy’ of eigenstates of the transfer matrix to the Bethe solutions and the thermodynamic
limit discussion in sections 6 and 7. Furthermore in section 6, the explicit calculation we have
performed for the Bethe solutions, when specializing on one particular sector, provides results
parallel to those using the usual Bethe ansatz method in [12]. Meanwhile, the finding of
some non-physical Bethe ansatz solutions in other sectors supports the justification for our
approach to the problem. The method we employ here can be applied equally well to any
number of size L. However, to keep things simple, we restrict our attention in this paper only
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to the case L < 3 in the discussion of Bethe solutions; the analyses on L = 1,2 are made
mainly for mathematical purpose to pave the way for discussing the models with a higher size
L. The Hofstadter-like model is related to L = 3, of which the Bethe ansatz equation has been
mathematically discussed in detail here. For L = 4, it is expected that the problem would
be closely related to the discrete quantum pendulum by the works of [9, 18]. The results we
have obtained in this paper through the Bethe equation approach strongly indicate a promising
direction to the spectra problem of other models, e.g. the discrete quantum pendulum. For
the thermodynamic limit discussion, the analysis in section 7 on the special Hofstadter-like
Hamiltonian (40) for a generic ¢ shows that the Bethe relation on the spectrum and eigenstates
we proposed are in accordance with the diophantine approximation process of an irrational flux.
The comparison of our Bethe ansatz method with the C*-algebra approach of semiclassical
analysis employed in [6] for the multifractal spectrum structure is a fascinating problem. We
plan to address the question of such a program elsewhere.

For the original Hofstadter model (1), the Bethe equation is formulated as a ‘difference’
equation of functions on a high genus spectral curve. In section 8, we have made a primary
investigation on its solutions. As the spectral curve is a Galois Abelian cover of an elliptic
curve with the covering group determined by the order N of the rational flux, it would be
essential to have a detailed algebraic geometry study of such a high genus curve in accordance
with the Bethe solutions, so that the base elliptic curve and the classical elliptic functions could
be engaged in the theory. With our finding in the rational spectral curve case as guidance for
some appropriate direction of calculation, the analysis we have made in this paper will serve
as a basis for further study of the Hofstadter model through the elliptic curve techniques in
algebraic geometry. This approach would allow us to follow a similar path as in the rational
spectral curve case for the study of the spectrum problem of the Hofstadter model. This
rich structure requires further study, and a scheme along this line of interpretation is under
current investigation. Indeed, we hope that our efforts would eventually shed new light on
the role of algebraic geometry in exactly solvable integrable models. In this paper, we restrict
our attention only to certain Hofstadter-like models, and leave possible generalizations and
applications to future work.
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